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Abstract
The neutron-rich nucleus 110Mo has been investigated by means of γ-ray spectroscopy following the β-decay of 110Nb, produced
using in-flight fission of a 238U beam at 345 MeV/nucleon at the RIBF facility. In addition to the ground-band members reported
previously, spectroscopic information on the low-lying levels of the quasi-γ band built on the second 2+ state at 494 keV has been
obtained for the first time. The experimental finding of the second 2+ state being lower than the yrast 4+ level suggests that axially-
asymmetric γ softness is substantially enhanced in this nucleus. The experimental results are compared with model calculations
based on the general Bohr Hamiltonian method. The systematics of the low-lying levels in even-even A ≈ 110 nuclei is discussed
in comparison with that in the neutron-rich A ≈ 190 region, by introducing the quantity ES /E(2+1 ), ES = E(2+2 )− E(4+1 ), as a global
signature of the structural evolution involving axial asymmetry.
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1. Introduction
One of the long-standing unsolved issues in nuclear structure
studies is the rare occurrence of well-deformed oblate (disc-
like) shapes in nuclear ground states, in contrast to the large
abundance of prolate (cigar-like) deformations [1]. A simple
explanation for this empirical fact can be suggested in Ref. [2]
based on the properties of quantized orbits in deformed po-
tentials. In actual nuclei, however, it is expected that a sub-
tle interplay between the single-particle and collective degrees
of freedom plays a significant role in the shape polarization.
Under a certain condition that multiple energy minima coexist
at prolate and oblate deformation in the potential energy sur-
face [3], the two different shapes can compete, and presumably
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interact, leading to the nuclear shape being soft with respect to
the γ degree of freedom, where γ represents a deviation from
axial symmetry of the ellipsoidal shape; γ = 0◦ and 60◦ for
axially-symmetric, prolate and oblate shapes, respectively, and
30◦ for a maximally asymmetric nucleus that has three different
radii in Cartesian coordinates. The absence of well-deformed
oblate ground states in nature may be associated partly with
such a transitional character of axially-asymmetric γ-soft nu-
clei. Hence, it is certainly necessary to explore deformed nu-
clei at the critical point of the prolate-to-oblate transition, if a
proper understanding of the mechanisms underlying the sponta-
neous symmetry breaking (Jahn-Teller effect) in nuclear-shape
deformation is to be reached.
In the present work, we have investigated neutron-rich Z ≈
40, A ≈ 110 nuclei, in which the phase transitions from prolate,
via γ-soft, to oblate shapes are predicted to occur with increas-
ing number of neutrons [4]. A similar type of the shape evolu-
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tion is suggested for Hf, W, and Os isotopes with A ≈ 190 [5].
These regions are the ones where the Fermi surfaces for protons
and neutrons concurrently lie at the upper halves of the respec-
tive major shells, and the rotation alignment of both types of
nucleons in the high-j orbits is expected to enhance the oblate
stability [6, 7]. The recent observation of a possible oblate-
shape isomer in 109Nb68 [8] motivates one to probe the N = 68
isotone 110Mo68, with the particular aim of studying its γ-soft
nature as a fingerprint for the prolate-oblate shape transition.
2. Experimental procedures
Experiments were carried out at the RIBF facility [9], co-
operated by RIKEN Nishina Center and CNS, University of
Tokyo. Neutron-rich A ≈ 110 nuclei were produced via in-
flight fission of 238U86+ projectiles at 345 MeV/nucleon, inci-
dent on a beryllium target with a thickness of 3 mm. The aver-
age beam intensity was approximately 0.3 pnA during the ex-
periment. The nuclei of interest were separated and transported
through the BigRIPS spectrometer [10, 11], operated with a 6-
mm-thick wedge-shaped aluminum degrader at the first disper-
sive focal plane for purification of the secondary beams. An ad-
ditional degrader placed at the second dispersive focus served
as a charge stripper to remove fragments that were not fully
stripped. The identification of nuclei by their atomic number
and the mass-to-charge ratio was achieved on the basis of the
∆E-TOF-Bρ method, where ∆E, TOF, and Bρ denote energy
loss, time of flight, and magnetic rigidity, respectively.
A total of 5.2 × 104 110Nb ions were implanted into an ac-
tive stopper consisting of nine double-sided silicon-strip detec-
tors (DSSSD) stacked compactly. Each DSSSD has a thickness
of 1 mm with a 50 mm × 50 mm active area segmented into
sixteen strips on both sides in the vertical and horizontal di-
mensions. The DSSSDs also served as detectors for electrons
following β-decay and internal-conversion processes. The im-
plantation of an identified particle was associated with the sub-
sequent electron events that were detected in the same DSSSD
pixel. Gamma rays were detected by four Compton-suppressed
Clover-type Ge detectors arranged around the DSSSD telescope
in a close geometry. Further details of a particle-identification
spectrum and data-analysis techniques are given in Ref. [8].
3. Results
Figure 1 exhibits the level scheme of 110Mo, established by
means of β-delayed γ-ray spectroscopy following the decay of
110Nb. Prior to the present work, the ground-state band in 110Mo
has been known up to the 10+ state by measuring the prompt
γ rays from the spontaneous fission of 248Cm [12]. In addi-
tion to the 214-, 386-, and 532-keV γ rays that belong to the
ground-state band, seven new transitions have been unambigu-
ously observed in a singles γ-ray spectrum measured in coin-
cidence with β rays subsequent to implantation of 110Nb, as
shown in Fig. 2. The main contaminants were from 110Tc [13]
and 109Mo [14] succeeding the β decay of 110Mo and β-delayed-
neutron emission from 110Nb, respectively. The efficiency-
corrected intensities of γ-ray transitions and the assigned spins
and parities are summarized in Table 1.
A least-squares fit of the summed gated time spectra for the
γ rays at energies of 281, 421, 463, 487, and 494 keV yields a
half-life of 75(9) ms, which is in agreement with the value of
81(6) ms deduced from the time distribution of the 214-keV γ
ray within experimental errors, as illustrated in Figs. 3(a) and
3(b). These values are consistent with T1/2 = 86(6) ms extracted
from an independent analysis of β-decay half-lives [15].
The second 2+ level (2+2 ) is proposed at 494 keV, decaying by
the 281- and 494-keV transitions which directly feed the yrast
2+ and 0+ states, respectively. In deformed even-even nuclei, a
quasi-γ band is built on the low-lying 2+2 state. In the present
analysis, the limited statistics preclude us from confirming the
coincidence relationship between the 281- and 214-keV γ rays.
Nevertheless, the assignment of the 2+2 state at 494 keV is jus-
tified, since only the energy sum for the 281−214-keV cascade
agrees with the energy of the 494-keV γ ray within experimen-
tal errors among the newly observed γ rays. This observation is
consistent with the decay pattern from the 2+2 state to the lower-
lying 2+1 and 0
+
1 levels, as confirmed for even 42Mo and 44Ru
isotopes in this neutron-rich region [16].
The 207-keV transition is assigned as feeding the 2+2 state on
account of the consistency in energy with the level at 701 keV,
which is most likely the 3+ member of the quasi-γ band decay-
ing also via the parallel deexcitation pathway that consists of
the 214- and 487-keV transitions. The γ rays at 421 and 463
keV are proposed to be the 4+2 → 2+2 and 5+1 → 3+1 transitions,
respectively, based on the systematics of the quasi-γ-band lev-
els for lighter Mo isotopes [16]. The assignment of 5+ for the
1164-keV state is positively supported by the observation of a
possible deexcitation to the 4+1 state via the 564-keV γ ray. Fur-
thermore, the measured intensity of the 532-keV γ ray depopu-
lating the yrast 6+ state at 1132 keV implies a sizable value of
spin (≈ 5~) for the β-decaying state in 110Nb, consistent with
the argument above on the population of the 4+2 and 5+1 levels at
916 and 1164 keV, respectively, in the β decay of 110Nb.
The intensities of the β feeding to the observed excited states
in 110Mo can be derived from the measured γ-ray intensities,
taking into account the delayed neutron-emission probability
of the 110Nb decay reported in Ref. [17]. The β-decay branches
to the 6+1 , 5+1 , and 4+2 states can be estimated to be 13(5), 15(5),
and 9(4) %, respectively, if these levels are directly populated
in the β decay of 110Nb. For the β feedings to these high-spin
states, the relatively low log ft values ranging from 5.3 to 5.51,
which are derived using the half-life of 86(6) ms [15] and mass
values evaluated for 110Nb [18] and 110Mo [19], support this
spin-parity assignment.
In Fig. 4, the moments of inertia are plotted as a function
of the rotational frequency for the ground-state and quasi-γ
bands of 104,106,108,110Mo. Although the proposed level scheme
of 110Mo depends mainly on the γ-ray energy matching, the as-
signment of the quasi-γ-band levels is reinforced by the obser-
1Note that the log ft values obtained in the present work correspond to lower
limits on account of possible unobserved β feedings to higher-lying levels in
110Mo.
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vation of the moment of inertia close to that of the ground-state
band at low rotational frequencies (~ω ≈ 0.2 MeV), as demon-
strated for the lighter Mo isotopes. Similar phenomena have
been also reported for 110,112Ru in Ref. [20].
4. Discussion
Figure 5(a) exhibits the systematics of the low-lying levels in
even 42Mo isotopes with neutron numbers ranging from 62 to
68, including the new result obtained for 110Mo68 in the present
work. It can be seen that the excitation energies of the 2+1 and
4+1 states reach a minimum at N = 64; an examination of the
E(4+1 )/E(2+1 ) ratio suggests that the maximum quadrupole de-
formation of the ground state occurs for 106Mo64 [12]. Mean-
while, the 2+2 level falls down in energy as the neutron number
increases toward N = 68. Indeed, the proposed 2+2 state at 494
keV in 110Mo is lowest in energy of the 2+2 levels identified to
date for the even-even nuclei in this neutron-rich region. As
mentioned in Sect. 3, the 2+2 states in deformed nuclei are as-
sociated predominantly with the bandhead of the quasi-γ band.
Therefore, the presence of the rather low-lying 2+2 state indi-
cates that the degree of axial asymmetry increases, irrespective
of its nature being either dynamic or static.
The experimental excitation energies of the 2+1 , 4
+
1 , and 2
+
2
states in even Mo isotopes are reproduced well in a microscopic
theory based on the general Bohr Hamiltonian approach [22],
in which the potential energy and inertial functions (mass pa-
rameters)2 are calculated using the constrained Hartree-Fock-
Bogoliubov (CHFB) method with the Skyrme effective inter-
action. For 110Mo, the 2+2 state is predicted to lie at about
500 keV (see Fig. 6 in Ref. [22]), being in good agreement
with the energy assigned in the present work. The level en-
ergies of the ground-state and quasi-γ bands calculated using
the SIII and SLy4 versions of the Skyrme interaction are shown
in Figs. 6(A) and 6(B), respectively.
We also performed a similar calculation with the pairing-
plus-quadrupole (P+Q) model including a quadrupole pair-
ing [23]. The parameters in the P+Q Hamiltonian are fixed so as
to reproduce the Skyrme-HFB calculation with the SLy4 inter-
action. In this model, the inertial functions are calculated with
the local quasiparticle random-phase approximation (LQRPA),
in which the contributions from the time-odd mean fields are
taken into account, thus the correction factor 1.3 is not neces-
sary [23]. The result of this calculation is shown in Fig. 6(C).
Figure 6 provides the comparison of the experimental lev-
els with the predictions of the two theoretical frameworks. The
agreement between the observed and calculated level energies
is very satisfactory for both the ground-state and quasi-γ bands.
In particular, it is noteworthy that the observation for the 2+2
state being lower than the 4+1 level is reproduced in all of the cal-
culations. The quantity Rb = B(E2; 2+2 → 2+1 )/B(E2; 2+2 → 0+1 )
can be extracted from the measured intensity ratio for a pair of γ
rays deexciting the 2+2 state on the assumption that the 2+2 → 2+1
2The inertial functions obtained with the Inglis-Belyaev (IB) formula are
corrected with a factor of 1.3 [22].
transition has a pure E2 multipolarity. In the current work, an
experimental value of Rb = 10 ± 3 has been obtained; this is
in reasonable agreement with calculated values, Rb = 33.9 for
the CHFB+IB with SLy4 and Rb = 9.4 for the CHFB+LQRPA
with P+Q.
In Fig. 7, the potential energy surface calculations for 110Mo
exhibit local minima at the prolate (γ ≈ 0◦) and oblate (γ ≈ 60◦)
sides using the SIII and SLy4 versions of the Skyrme interac-
tion, respectively. As mentioned in Ref. [22], however, the ex-
act location of the energy minimum is not important in char-
acterizing the collective level properties of the heavier Mo iso-
topes, because an overall profile in the potential energy surface
spreads over the γ degree of freedom. Consequently, the level
structure of 110Mo is ascribed to its γ-soft nature rather than the
rigid deformation of any kind.
The systematic behavior of the low-lying level energies in
the Mo isotopes compares well with that in neutron-rich 74W
nuclei [21], as is evident from Figs. 5(a) and 5(b); the 2+2 states
are lower than the 4+1 levels at N = 68 and 116 in the Mo and W
isotopes, respectively. Such a crossing of the 4+1 and 2+2 states
has also been observed for neutron-rich A ≈ 110 44Ru nuclei
and A ≈ 190 76Os isotopic chains, in both of which this en-
ergy systematics is followed by an increase in the 2+2 energy at
neutron numbers higher than 68 and 116 [24, 25].
The comparison of the structural evolution in the A ≈ 110
and 190 nuclei can be highlighted by introducing the quantity
ES /E(2+1 ), where ES denotes the energy difference between
the 2+2 and 4+1 states. The results are plotted in Figs. 5(c)
and 5(d) against the neutron number for selected isotopes in
each region. For 46Pd and 78Pt isotopes, which are representa-
tive of γ-soft nuclei [26, 27], the deduced values of ES /E(2+1 )
are within a narrow range below zero. In the γ-independent
limit of the Wilets-Jean model [28], the quantity ES is zero
because the 2+2 and 4
+
1 states are completely degenerate. On
the other hand, the 2+2 state goes under the 4+1 level in the nu-
cleus with a rigid-triaxial shape for γ ≥ 25◦ in the Davydov
and Filippov model [29]; at the extreme of triaxiality (γ = 30◦),
ES /E(2+1 ) = −0.67. Therefore, nuclei with negative values of
ES /E(2+1 ) between these two extremes are most likely charac-
terized by γ-soft potentials with shallow minima at the average
γ value close to 30◦. This argument on the deformed potential
with some γ dependence is consistent with the observation of
the 3+1 state being depressed relative to the 4+2 level for the Pd
and Pt isotopes in the regions of interest [16]; these quasi-γ-
band levels would be degenerate in the extreme γ-independent
limit [28].
In Fig. 5(c), a steeper fall of the ES /E(2+1 ) values is found for
the 42Mo isotopes compared to the 44Ru isotopes as the neutron
number increases. The lighter isotopes 104Mo62 and 106Mo64
are known to exhibit rather γ-vibrational behavior, as demon-
strated by the observation of the properties expected for rota-
tional bands built on one- and two-γ-phonon states [30, 31].
Consequently, the observed rapid decrease in ES /E(2+1 ) in the
Mo isotopic chain reflects the structural change from a nearly
axial rotor with the small-amplitude γ vibrations to a large-
amplitude γ-soft dynamics. Similar trends can be seen for the
74W and 76Os isotopes up to N = 116, but the observed varia-
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tion is more dramatic than that in the A ≈ 110 nuclei with the
same N dispersions, as shown in Fig. 5(d).
One intriguing feature of the empirical ES /E(2+1 ) plots in
Figs. 5(c) and 5(d) is the near coincidence at around −0.5, ob-
served for both the N = 68 and 116 isotones. In the case of
N = 116, the heavier isotones 192Os and 194Pt were known to
be γ-soft [32], and the level properties of 190W, such as the
anomalous E(4+1 )/E(2+1 ) ratio approaching the γ-independent
value [21] and isomeric-decay transitions with small K hin-
drances [33], were considered as evidence for enhanced γ soft-
ness. For 194Os118, however, the sudden change in ES to a pos-
itive value was interpreted as an indication of the emergence
of an oblate shape [34]. For the A ≈ 110 nuclei, the sec-
ond band crossing due to the alignment of a g9/2 proton pair
was observed for the ground-state band in 112Ru68, but not in
110Ru66 [20], implying a significant change in triaxiality since
the crossing frequency for the aligned pig9/2 orbitals is sensi-
tive to the γ degree of freedom [4]. These band-crossing phe-
nomena are reproduced well by a recent calculation based on
the total-Routhian-surface (TRS) method [35], which indicates
that a ground-state transition from triaxial-prolate to triaxial-
oblate shapes takes place at around N = 68 in the Ru isotopes
as the number of neutrons increases. Thus, we may say that
the empirical value of ES /E(2+2 ) ≈ −0.5 is characteristic of the
critical-point nuclei in terms of maximum γ softness between
prolate and oblate shapes. It should be noted that a critical
point of a prolate-oblate phase transition in γ-soft nuclei is dis-
cussed in the context of the O(6) limit of the interacting boson
model [36, 37]. However, to elucidate the relation between the
systematic behavior of ES /E(2+1 ) and the underlying cause for
the structural evolutions, further theoretical investigations are
necessary.
Finally, it is noteworthy that the quantity ES /E(2+1 ) serves
as a global signature of the phase transitions involving the γ
degree of freedom. As already mentioned, the nuclei of en-
hanced γ softness take ES /E(2+1 ) ≈ −0.5. Although the quan-
tity ES is likely to be negative for both the γ-soft and spherical-
vibrational nuclei, the former can be distinguished from the lat-
ter with the ES /E(2+1 ) value being, in the latter case, nearly
zero since then E(2+1 ) is rather high. Meanwhile, the value of
ES /E(2+1 ) rises increasingly positive in an axially-symmetric
rotor, because the 2+2 state lies at high excitation energy rel-
ative to the 2+1 and 4
+
1 states. The experimental values of
ES /E(2+1 ) are plotted for a broad range of even-even nuclei with
42 ≤ Z ≤ 58 and 56 ≤ N ≤ 78 in Fig. 8. The transitional
features for the sequence of N = 68 isotones are remarkable;
the structure changes from spherical to well-deformed prolate
shapes for Z = 50 → 58, while the development of axially-
asymmetric γ softness proceeds with decreasing proton number
down to 42.
5. Conclusions
The level structure of 110Mo has been investigated following
the β-decay of 110Nb, populated via in-flight fission of a 238U
beam. In addition to the known levels of the ground-state band,
several new levels, including a candidate for the 2+2 quasi-γ-
band state, have been identified. This is the most neutron-rich
Mo isotope for which spectroscopic information on the low-
lying level structure has been obtained. The observed level
energies and the B(E2) ratio for a pair of γ rays from the 2+2
state are reproduced well by the model calculations based on
the general Bohr Hamiltonian approach. The potential energy
surface calculations indicate that the low-lying level structure of
110Mo is of a γ-soft nature. The energy systematics of the low-
lying levels in A ≈ 110 Mo isotopes compares well with that in
A ≈ 190 W isotopes. The enhancement of axially-asymmetric
γ softness in 110Mo is illuminated with the empirical plot of the
quantity ES /E(2+1 ), ES = E(2+2 )−E(4+1 ). In future experiments,
it will be of particular interest to investigate the level properties
of heavier Mo isotopes, in which more stable oblate shapes are
predicted.
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Figure 1: Partial level scheme of 110Mo established in the present work. The
widths of arrows represent relative intensities of γ rays summarized in Table 1.
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Figure 2: (Color online). γ-ray energy spectrum measured in coincidence with
β rays detected within 250 ms after implantation of 110Nb. Contaminants from
110Tc and 109Mo are indicated with filled and open triangles, respectively.
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Figure 3: (Color online). Time distributions and associated fits for γ-ray coin-
cidence events relative to implantation of 110Nb with (a) a sum of gates on the
281-, 421-, 463-, 487-, and 494-keV transitions and (b) a gate on the 214-keV
transition in 110Mo.
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Figure 4: (Color online). Kinematic moment of inertia as a function of the rotational frequency for the ground-state and quasi-γ bands in 104−110Mo. These data are
from Ref. [16] and the present work.
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Figure 6: Experimental and calculated level energies (in keV) for the ground-state and quasi-γ bands in 110Mo. The model calculations are based on the general
Bohr Hamiltonian approach with the CHFB+IB method using the SIII (A) and SLy4 (B) versions of the Skyrme interaction, and the CHFB+LQRPA method using
the P+Q force (C).
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Figure 5: (Color online). Systematics of low-lying levels for even-even nuclei
for the (left) A ≈ 110 region and (right) A ≈ 190 region as a function of the
neutron number. Panels (a) and (b) show the excitation energies of the 2+1 , 4+1 ,
and 2+2 states in 42Mo and 74W isotopes, respectively. The empirical values of
the quantity ES /E(2+1 ), where ES = E(2+2 ) − E(4+1 ), are plotted for (c) 42Mo,
44Ru, and 46Pd isotopes and (d) 74W, 76Os, and 78Pt isotopes, with the dashed
lines at −0.5. These data are from Refs. [16, 21] and the present work.
Table 1: Summary of transitions in 110Mo observed in the β-decay of 110Nb.
Ex Eγ Iγ Assignment
(keV) (keV) (relative) Jpii → Jpif
213.8(1) 213.8(1) 100(12) 2+1 → 0+1
494.2(1) 280.6(2) 21(5) 2+2 → 2+1
494.1(2) 38(7) 2+2 → 0+1
599.7(1) 385.9(1) 56(9) 4+1 → 2+1
700.8(1) 206.6(2) 18(4) 3+1 → 2+2
487.0(2) 30(6) 3+1 → 2+1
915.5(2) 421.3(2) 21(6) 4+2 → 2+2
1131.8(2) 532.0(2) 29(6) 6+1 → 4+1
1163.5(2) 462.9(3) 22(6) 5+1 → 3+1
563.7(2) 12(5) 5+1 → 4+1
6
(A)
(B)
Figure 7: (Color). Potential energy surface calculations for 110Mo using the
CHFB+IB method with the SIII (A) and SLy4 (B) versions of the Skyrme in-
teraction. The energy minima are indicated with filled circles.
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Figure 8: (Color). The landscape of the experimental quantity ES /E(2+1 ) for
even-even Z = 42−58 nuclei with N = 56−78. These values are from Ref. [16]
(open symbols) and the present work for 110Mo (closed circle). Solid lines link
isotones, while dashed lines correspond to isotopic chains; the sequences of
N = 68 and Z = 42 are thickened for convenience. The N = 68 isotones that
are expected to have axially-symmetric (prolate), spherical, and γ-soft shapes
are indicated by vertical arrows. The data are mapped in the N-Z plane at the
bottom of the figure.
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